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Department of Physics, Jadavpur University, Calcutta-700 032, India 

Received 10 January 1979 

Abstract. The technique of differential form and exterior calculus has been applied to the 
analysis of the prolongation structure of the nonlinear equations of self-induced trans- 
parency. The process of prolongation yields a completely different scheme of inverse 
scattering for these equations. 

One of the most intriguing features of a nonlinear equation is its soliton-like exact 
solution, which has some fascinating properties that are worth investigating (Cercignani 
1977). The key to such an analysis is the method of inverse scattering transforms 
(Ablowitz 1977). Until now there has been no logical deduction of the IST scheme for 
some particular nonlinear equation. Recently Estabrook and Wahlquist (1977a) 
developed the method of Lie and Cartan, which they successfully implemented for 
deducing the scheme of IST, Backlund transformation for the nonlinear Schrodinger 
equation and the K-dV equation. Subsequently Morris (1977a-d, 1978) extended the 
technique to some other cases. Here we analyse the solutions of the nonlinear 
equations pertaining to the physical phenomenon of self -induced transparency with the 
help of the above mentioned technique. In this connection it can be mentioned that the 
first IST framework for the self-induced transparency equations was obtained by 
Gibbon et a1 (1973) by demanding a complicated pole structure for the A, B, C 
functions of the inversion scheme of Ablowitz (1977). Here we show that the 
differential form analysis yields, among other things, a simpler inversion mechanism for 
the equations under consideration, which could never be obtained by simple guesswork. 

Formulation 

Consider the equations of self-induced transparency written in the form 

aelat = s, arlax = -ps, aslax = eu + pr, aulax = -es (1) 

in one space and one time dimension. The differential 2-forms which on proper 
sectioning yield these equations are 

a1 = d e  hdx - -s dx hdt, 

a 3 = d u h d t + e s d x h d t ,  

a z = d r h d t + p s  dx hdt, 

cy4 = ds h dt-  (eu + p r )  dx A dt. 
(2) 

It is rather interesting to observe that these forms under the operation of exterior 
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differentiation belong to the closed ideal generated by them, that is 

d a l =  -dS A dx A dt = -dx A a4 
(3) 

da3  = s de A dx A dt + e  ds A dx A dt = -de A a1 -e  dx A a4 

and so on. 

of Estabrook and Wahlquist. So we define the Pfaffians as 
This closed property is the most important one for the search of the Pfaffian system 

6& =dyk+Fk  d x + G k  dt (4) 
where the yk’S are some prolongation variables, and F k ,  Gk are functions depending on 
the primitive variables e, r, s, U, x and t, along with the Y k k .  At this point one should 
note that in his analysis Morris has classified the forms into two ca tegor iesdne  which 
defines the variables and the other which yields the nonlinear equations. The former is 
called the geometric form and the latter the dynamic form. In our case we consider the 
equation aelat = s to be the defining equation for the variable s, so that a l  is a geometric 
form and a2, a3, a 4  are dynamic forms, because they yield the nonlinear equations 
when properly sectioned. 

Calculation of the Pfafian system 

The computation of the Pfaffian forms begins from the condition that 

( 5 )  dWk=x fjcUi+c qi A u i ,  k .  

that is, the exterior derivative duk  will be in the closed ideal generated by the ai’s and 
W k k  Written in full (5) reads 

duk = (aFk/a$@) d$@ A dx + (aGk/a$”) d$” A dt 

=cf ia i  + ( a l  dx + bl dt +a2 d e + a 3  d r + a 4  du +a5  ds) A (dyk + F k  dx + G k  dt) 

where $” is nothing but the collection of all primitive variables. Equating the 
coefficients of all possible 2-forms we obtain 

F, = F,, = F, = 0, G, = 0, 

-sF: + psG; + esGf: - (eu + pr)G,k + F;iGi - G;Fi = 0. (6) 
The structures of F and G that emerge from the equations obtained by repeated 
differentiation of (6) are 

G = x i  + rx! + ux; + sx; 

F = x 5  +ex4. k k  k (7) 

Substitution of these in the last equation of (6) yields the commutators 

[XS, xol = 0, b 4 r  xol = 0, b 4 r  x3l= -x2, [Xs, X 3 l =  -X4 i- @ X i  
(8)  

cx4, x2l= -x3, cxs, x1l= -px3, rxs, x21= 0, b4,  x1l= 0. 
The next important step is the closure of the algebra so obtained by augmenting this 

set with all its Jacobi identities, which yields 

[xl, x21= YlX3, CXl, x3l= YlX2, ex49 x51= ax39 

[Xz, XgI = AX1 + v ~ 4 ,  
(9) 

rxo, x21= 0, b o ,  x31= 0, rxo, xi1 = 0. 
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From the structure of the commutators in (8) and (9) it is clear that x o  commutes with all 
of them, so we set 

xo  = (Tu; (10) 

that is, some multiple of the unit matrix. Furthermore, xl, x2,  x 3  and x4 form a closed 
Lie algebra, so that one immediately deduces a Casimir-type (Estabrook and Wahlquist 
1977b) representation given by 

x1 = -y1(y2 a/ay3 + y3  a/ay2), 

x 3  = YIYl  a/ay2 + hy2 a/aYl + q2 a/ay4- y4 a/ay2, 

x 2 =  Y I Y l  ~ / ~ Y ~ - A Y ~  a/aY1-GY3 a/ay4-y4 a/ay3, 
(11) 

x4 = y2 a/ay3 + y3 a/ay2 

with x 5  given as 

x s  = ay4 Way3 + y3 a l a y 4  - p y 3  a l a y l  + p y l  a/ay3, 

x 0 = d y 1  alaY1+y2 a /ay2+y3 a /ay3+y4 a/ay4). 

h / u + p  =0,  y1= -A. 

Consistency of these equations demands 

Inverse scattering equation and eigenvalue problem 

Substituting these forms of the operators, it is easy to observe that, if we define 
Y = (yl ,  y2, y3, y4) to be a four-component vector, then 

Yx = M Y ,  Yr = N Y  (13) 
where the matrices M and N are given by 

It is rather straightforward to observe that the nonlinear equations result from the 
consistency of (13) that Yrx = Yxr. 
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